Introduction
The paper is a continuation of our previous study of unbounded Toeplitz operators in the Segal-Bargmann space; [6] , [7] . This work is divided into separate sections, devoted to different topics described below.
In Section 2 some necessary preliminaries are given. Section 3 is devoted to the problem of computing the adjoint of Toeplitz operators. A class of entire symbols 9 is found for which T Ã 9 has been computed. Section 4 deals with Toeplitz operators as generators of contraction semigroups. In turn Section 5 describes Fischer pairs of polynomials (the notion introduced by H. Shapiro in [11] ), from the point of view of perturbation theory. The last Section 6 ends up with remarks and open problems. We thank anonymous referee for his helpful and careful remarks.
Preliminaries
In what follows we shall use notation introduced in the previous paper [7] . In particular, the standard multiindex notation will be used.
For a densely defined linear operator T in a Hilbert space we denote by T Ã Y T Y RT Y W T Y and 'T the adjoint operator of T , the closure of T , the range of T , the numerical range of T and the spectrum of T , respectively. A linear subspace D contained in the domain DT of T is called a core of
the reader's convenience we also briefly recall definitions concerning Toeplitz operators in the Segal-Bargmann space B. This space consists of all entire functions in C n which are square integrable with respect to the Gaussian measure d" % Àn expÀkzk 2 dV , where dV is the Lebesgue measure on C n . Given a Borel function 9 X C n 3 C we denote by M 9 the operator of multiplication by 9 in L 2 ", where
By Toeplitz (resp. Hankel) operator with symbol 9 we mean the operator T 9 (resp.H 9 ) defined in B by:
(resp.H 9 f I À PM 9 f ), where P is the orthogonal projection of L 2 " onto B and I is the identity operator.
In turn, the domain DÅ 9 of the related operator Å 9 , already defined in [6] , is the set of functions f P B such that the integral 9af ae`z Yab d"a XÅ 9 f z exists for each z P C n and Å 9 f P B. The function e a z X exp`zY a b is the reproducing kernel of B and the sequence f k z z k a k3 p is the orthonormal basis in B. Let p be the set of all polynomials in C n and let E be equal to the linear span of fe w Y w P C n g.
Computing T Ã 9
The problem of computing the adjoint T Ã 9 of T 9 has already been studied in [6] , [7] , [10] . Even for an entire symbol 2 the conjecture T Below we present a positive answer to the conjecture for a class of entire symbols 9. This class turns out to be sufficiently large e.g. contains exponential polynomials [10] , [7] . But it is far from being equal to the whole set of entire symbols satisfying the conjecture. Theorem 3.1. Let 9 be an entire function satisfying the following conditions: 
for all k ! k 0 Then we have
The last sum can be estimated by kT and this proves our claim.
Suppose that there exists a function f P DT 9 such that
By applying Proposition 1.4 of [6] it is enough to show that f 0.
Due to (3. 
Àkf k
where in the last equality we used (*) (and the relation T 9 s & Å 9 s ). It follows that f 0 and this completes the proof.
The problem of computing T Ã 9 for not necessarily entire 9 is rather diffficult. In [7] we have found some classes of symbols for which this problem was solved. Below we shall find a class of 9 for which T Ã 9 T 9 . Surely, this is a special family of functions. Nevertheless, it seems to deserve mentionning. Proposition 3.2. Let 9 be a Borel function in C n , which satisfies the condition
Define the linear space
Proof. First note that D contains the space R of all polynomials in z 1 , z 1 , z 2 , z 2 , Á Á Á, z n , z n . We claim that
and so (*) holds true. Now suppose that there is k P DM 9 for which kY M 9 k is orthogonal to hY M 9 hY for every h P R, i.e.
It is obvious (by (+)) that M 9 h P DM Ã 9 DM 9 for h P R. Therefore (3.4) is equivalent to
Since, in virtue of (*), R is a core for M j9j 2 , k is orthogonal to RM j9j 2 I L 2 ". This completes the proof.
Applying Proposition 3.2 we have. Proof. Let A 9 be the operator in L 2 " given by the operator matrix (with respect to the decomposition L 2 " B È B c ):
where DA 9 X DT 9 È DR 9 and DR 9 DM 9 B c Y R 9 u I À PM 9 uX
The above definition is correct because (++) implies that H 9 and H Ã 9 are bounded operators. (see [7] ). Moreover, simple reasoning proves that boundedness of H 9 and H Ã 9 implies closedness of T 9 and R 9 . The inclusions DA 9 ' D and M 9 ' A 9 are obvious.
Since 9z satisfies the inequality (++), one can easily check that
for all z P C n and r b 0 (see [3] ). It follows that 9 must satisfy the above inequality (+). Hence in virtue of Proposition 3.2 we have
In the last equality we also used the relation A B A B, which holds for any bounded operator B. It follows that
unbounded toeplitz operators in the ...
Therefore for any f P DT Ã 9 there exist f 1 P DT 9 such that f f 1 X Since T Ã 9 ' T 9 this completes the proof. Note also (for the future use) the following simple result.
where clconv 'M 9 is the closed convex hull of 'M 9 X Proof. By general theory we know that
For any f P DT Ã 9 there exist a sequence ff k g & DT 9 s.t.
This imples the desired inclusion.
In particular, Proposition 3.4 can be applied to any 9 satisfying the condition (++) of Th. 3.3.
Toeplitz Operators As Generators Of Contraction Semigroups
It is of interest to know when Toeplitz operators generate contraction semigroups. Unfortunately, there are no nontrivial estimations of the resolvent of Toeplitz operators and the above question is far from being answered.
We have found only a few classes of symbols 9 which induce T 9 generating a contraction semigroup. First note the following corollary of Proposition 3.4. Proposition 4.1. If DT Ã 9 DT 9 and Re 9 0Y then T 9 generates a contraction semigroup.
Proof. In virtue of Proposition 3.4 we know that
1 Re ! and this estimate completes the proof.
The last result is not easy to check in practice because of the assumption DT Proposition 4.2. Suppose we are given a function 9 such that Re T 9 f Y f 0Y f P DT 9 X If T 9 maps the space P N of polynomials of degree less or equal to N into itself, then T 9 generates a contraction semigroup.
Proof. Since T 9 is dissipative (by our assumption) and P N are finite dimensional we may apply Proposition 3.5 from [4] and obtain the desired result.
In order to illustrate the last Proposition we have the following example. Example 4.3. Let 9 0 zY z s q s zz s (a finite sum), where q s s P Z n are polynomials such that deg q s jsj s 1 Á Á Á s n X Suppose that Re 9 0 zY z 0Y z P C n X It is easy to check that T 9 0 X P N 3 P N X Hence T 9 0 generates a contraction semigroup.
We conclude this section with yet another approach to the problem of Toeplitz operators as generators of contraction semigroups. This approach relies on the construction of such generators due to Lions [9] . Suppose we are given a Borel function 9 on C n such that Re 9 ! b 0X Consider the subspace V & B defined as
Assume that V is dense in B. Introduce in V a Hilbert space structure by the norm
Suppose that 9 satisfies additionally the following condition
Let auY v X À 9zuzvzd"Y be the sesquilinear form on V . It is clear that aXY X is continuous on V ( with j Á j 1 norm ). Define
Since V is dense in B for any u P DA 9 , there exists exactly one A 9 u P B such that Proof. Take u P DA 9 . Since e w P V , we have auY e w À 9ue w d" A 9 uY e w A 9 uwX But w P C n is arbitrary, therefore u P DÅ 9 and ÀÅ 9 uw A 9 uwX
A Result On Fischer Pairs
In [11] Shapiro introduced the notion of Fischer pairs. Let e be the space of all entire functions in C n .
Definition 5.1. The pair pY q of polynomials forms a Fischer pair if the map f 3 qDpf is a bijection of e.
We restrict the above notion to the context of Hilbert space B i.e. pY q is a Fischer pair if the map f 3 T Ã q T p f is a bijection carrying its domain onto B. Shapiro proved in [11] that for any homogeneous polynomial pT 0 and c P C the pair pY p c forms a Fischer pair. We tried to extend this result for not necessarily homogeneous p in the space B. It turned out that perturbation theory of Hilbert space operators provides a suitable tool for such extension. We found a simple abstract version of a Fischer pair pY p cX Before stating this version recall that for a closed operator T in a Hilbert space H such that ker T f0g, the minimum modulus of T is given by T inffkTxkY kxk 1gX If T is a Fredholm operator, then ind T dim ker T À dim ker T Ã X Theorem 5.2. Let T be a closed operator in H. Suppose that kTxk ! 1 kxkY b 0X Ã Then the operator S T Ã T À T defined on DT Ã T is a bijection from DS onto H. 
